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Balanced metrics

(M, L) polarized manifold (M compact complex manifold, L very
ample holomorphic line bundle over M).

Let ¢ be a Kahler metric on M such that w € ¢1(L) and h
hermitian metric on L such that Ric(h) = w.

Kempf's distortion function T, € C>®(M,RT)

N
Ty(z) = ) h(sj(z),s;(z)), x €M
7=0
where {sg,...,sy}, N+ 1=dimHO(L), is an o.b. with respect

to
n

(s, 1)) = /M h(s,t)%, st e HO(L)
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Definition (Donaldson): a polarized metric g € ¢1(L) is said to

be balanced if T, = cost = %@1}, V(M) = [y




Main results on balanced metrics

Theorem (Zhang, 1996): 3 g balanced, g € ¢1(L) & (M,L)
Chow polystable.

Theorem (Donaldson, 2001): Let gesex € c1(L) and AUKML)
discrete. Then, for all m >> 1, 3! balanced metric gm € c1(L™)

©.@)
such that %m C—> 9esckc- Moreover, if gm € c1(L™) is a sequence

of balanced metrics such that %m C—OO> Joo then g~ is cscK.

Corollary: Let g.scc € c1(L) and
is asymptotically Chow stable.

AU%%L) discrete. Then (M, L)

Corollary: If AUtéy’L) is discrete and it exists g, .. € c1(L) then

Jeseke 1S Unique in ¢1(L).
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What happens without the assumption on Aut(M, L)

Theorem (C. Arezzo — L., 2004): Let g and g be two balanced

metrics in ¢1(L). Then there exists FF ¢ Aut(M,L) such that
F*g = g.

Theorem (A. Della Vedova — F. Zuddas, 2011): Let M =
Blp, ... po,CP? ( four points in the same line except one). Then
there exists a polarization L of M and g,...x; € c1(L) such that
(M, L™) is not Chow polystable for m >> 1.

Theorem (Chen —Tian, 2008): If g.sei ~ 9eserx = 3 F € Aut(M)
such that F*gescx = Gesckc



Some problems on balanced metrics

B(L) = {gp balanced | gg € ¢1(L"0),for some mg}
Be(L) = B(L)/ ~

By = {mgp € B(L) | m € N}, gB € B(L)

Problem: study #B:(L) and #Bg;.




Some problems on balanced metrics

=7

#Bgy =00 == #B(L) =00 <= (M,L) asynt.Chow pol.
47 T A
{mgp balanced Vm >>1 <& 3 CGR *product on (M,wg)}
47

{L polarization of (M, gyom = 9B),71(M) = 1}

-




A conjecture

Conjecture: Let (M,L) be a polarized manifold. If there exists
g € B(L) such that #By3; = oo then (M,gp) is homogeneous
and m1(M) = 1.



Some results

Theorem 1: Let (M,L) be a polarized manifold, dimM = 1. If
there exists gg € B(L) such that #By, = oo then M = CP1.

Theorem 2: Let M be a toric manifold, dimM < 4. If gixg €
ci1(L), L = K*. Then #B.(L) = oco. Moreover, there exists
gp € B(L) such that #By, = oo iff M is either the projective
space or the product of projective spaces.

Theorem 3: Let g.,.x be a cscK on a manifold M and let
Jescik be a cscK on M = Bly, ... p, M obtained by Arezzo-Pacard
construction. Assume that there exists a polarization L oOf g.s.k -
Then #By, < oo for all gg € B(L).
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Balanced and projectively induced metrics

(M, L) polarized manifold, g € ¢1(L), m € NT, Ric(hm) = mw,
{50,---,84,}, dm + 1 =dim HO(L™), o.b. for

mn
(s,8)) = / hn (s, 8)%—, s,t € HO(L™).
M nl

om : M — CP : g [sg(z) : -+ : sy (z)] coherent states map
dm,

Oy Wrs = mw + %85 l0g Timg(x)

ng(x) — 2?20 hm(Sj(CU>, Sj(x))-

Therefore: mg € ¢c1(L™) is balanced < mg is projectively induced
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Approximation of polarized metrics

Theorem (G. Tian, 1990): Let (M,L) be a polarized manifold
and g € c1(L). Then

OmIFs C2 ;
m
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TYZ (Tian—Yau—Zelditch) expansion

Theorem (S. Zelditch, 1998): Let (M,L) be a polarized mani-
fold and g € c1(L). Then

oo

Ting(x) ~ 3 aj(@)m" I, ag(x) = 1,
j=0

namely, for all r and k there exists Cy, ,. such that

k
1 Tmg(z) — 3 aj(@)m™||cr < O pm"F L,
j=0

Corollary: Let (M, L) be polarized manifold and g € ¢1(L). Then

omgrs CX
L > g.
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Theorem (Z. Lu, 2000): Each a;(x) is a polynomial of the
curvature (of the metric ¢g) and of its covariant derivatives.
Moreover,

(a1(z) = 3p

az(z) = $0p + 57(|R|? — 4| Ric|? + 3p?)

N\

a3(z) = §AAp + 55 divdiv(R, Ric) — % divdiv(pRic)+

+25A(|R|? — 4|Ric|? + 8p2) + z5p(p? — 4|Ric|? + |R|?)+

|+ (03(Ric) — Ric(R, R) — R(Ric, Ric))
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Lemma 1: Let (M,L) be a polarized manifold and g € c1(L).
Let By = {mg is balanced | m € N}. If #B4 = oo then the coef-

ficients a;(x) of Tig(xz) ~ > 520 aj(a;)m”—j are constants for all
i=0,1,....

proof: Let {ms}s=12, . be an unbounded sequence such that
Tinsg(xz) = Ting. We know that ag = 1. Assume that a;(z) = a;,
for j =0,...,k—1. Then,

k—1

—k —k—1 —7

|Ts,k,n - ak(aj)m? | < Ckm? / Ts,k,n = Tms — Z ajm? J
=0

for some constants C}..

Then |m§_nTs7k,n—ak(a})| < Cypymzl andifs — oo then mg_nTS,k,n —
ap(x) and hence ay is costant. [
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The proof of Theorem 1

Theorem 1: Let (M, L) be a polarized manifold, dimM = 1. If
there exists gg € B(L) such that #By, = co then M = CP*!.

proof:

Lemmal

If #Bg, = 0o == gpg cscK = M = CP! and gg = mogpg. O
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Lemma 2: Let (M,L) be a polarized manifold and g = g.scx €
c1(L). Assume that one of the following conditions is satisfied:

1. mg is not proj. induced Vm;
2. there exists jo > 2 such that a;, # cost (Timg(x) ~ 720 aj(a:)mn_j)
Then #By; < oo for all gg € B(L).

proof: Let gg € B(L) (g9g balanced and gg € c¢1(L™0) for some
mo).
Lemma 1 i
If #Bgp = o0 — aég (Trmgp () ~ ;-";O a?(ac)m” J) are
constants for all 3 = 0,1, ....
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In particular o = pp/2 is constant and hence (by Chen—Tian

theorem) there exists F' € Aut(M) such that F*gg = mgg.

This implies that mqg is proj. induced and that all the a; 'S are
constants for all j = 0,1,.... in contrast with 1. and 2. []

Remark: There exist polarized metrics g...x € c1(L) such that
all the coefficients of TYZ are costants but mg is not projectively
induced for all m (e.g. hyperbolic metrics, flat metrics on abelian
varieties).
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The proof of Theorem 2

Theorem 2: Let M be a toric manifold, dimM < 4. If gig €
ci1(L), L = K*. Then #B.(L) = oo. Moreover, there exists
gp € B(L) such that #Bg; = oo iff M is either the projective
space or the product of projective spaces.

idea of the proof:

#B.(L) = oo follows by the fact that symmetric toric manifolds
(M,L = K*) are asympt. Chow polystable.

Hard part: mgi g is proj. induced for some m iff M is either the
projective space or the product of projective spaces. Conclusion
follows by Lemma 2. U]
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The proof of Theorem 3

Theorem 3: Let g...x be a cscK on a manifold M and let
Jescik e a cscK on M = Bly,,...p, M obtained by Arezzo-Pacard
construction. Assume that there exists a polarization L of g.q k-
Then #By; < oo for all gg in B(L).

idea of the proof: One can prove that the coefficient ay of
TYZ is not constant so the conclusion follows again by Lemma
2. U
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Some open problems on TYZ

1. Classify the Kahler manifolds where the coefficients of TYZ
are all constants.

2. Classify the Kahler manifolds where a;, = 0, for k > n.
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Teorema (L., 2005): There exists an open set U C M such
that:

i@ =D+ Y G (@ 1)) y—s

r+j=k
r>0 j>1

La(f@) = [ F@)e ™D (g) v 23 m L (f) (),
U n! m

r>0

ng(.fC, g) ~ Z]ZO a’j(xa g)mn_j :> |me(33, g)|2 ~ m2n(1 _l_ Zj_:oi a’j (337 y)m_J)
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